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ABSTRACT
Efficient configurations of assembly lines involve balancing the workload across sta-
tions and strongly depend on the sequence in which the products are processed.
While these processes are interconnected, they are typically addressed separately
due to the complexities and different time frames involved. Even if some literature
methods combine balancing and sequencing problems, these are limited in scalabil-
ity, often constrained to small-scale instances with a limited number of products.
This restricts their applicability to real-world industrial scenarios, where the num-
ber of product configurations can be vast. Another branch of the literature assumes
a random sequence, which is a pessimistic view of a real setting. To fill this gap,
we propose a genetic algorithm for the integration of the balancing problem with a
semi-random production sequence that respects selected car-sequencing rules. This
paper addresses the combined balancing and car sequencing rules selection problem
for large-scale assembly lines with uncertain production sequences. By incorporating
rules related to car sequencing, we reduce the randomness of a simulated production
sequence used to evaluate the efficiency of an assembly balancing solution without
the burden of solving an optimization problem. The impact of incorporating rules
is evaluated through a discrete-event simulator, demonstrating significant improve-
ments in line performance.
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1. Introduction

In the manufacturing industry, assembly lines play a crucial role in efficiently producing
a wide range of products (Boysen, Fliedner, and Scholl 2007). An efficient configura-
tion of an assembly line involves two key components: balancing the workload across
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stations (Boysen, Fliedner, and Scholl 2008) and determining the sequence in which
the products are processed (Boysen, Fliedner, and Scholl 2009a). While these compo-
nents are interconnected, they are typically addressed separately due to the inherent
complexities and different time frames involved (Sikora 2021).

Most assembly lines are designed to handle multiple products or a diverse family of
products (Boysen, Fliedner, and Scholl 2008), making the production sequence a vital
factor in achieving optimal line efficiency (Lopes et al. 2020b). However, at the stage
of assembly line balancing, the specific production sequence is usually unknown as it
depends on dynamic factors such as demand fluctuations and unforeseen operational
constraints (Sikora 2021). Planners often face the challenge of building assembly lines
based on demand forecasts, with the realized production sequence varying on a regular
basis, sometimes even weekly.

To address the combined balancing and sequencing problem, several approaches
have been proposed in the literature. These methods offer tailored solutions to dif-
ferent assembly line configurations, considering factors such as station types (e.g.,
synchronous, asynchronous, or hybrid) and stochastic processing times (see the most
recent surveys by Boysen, Schulze, and Scholl (2022) and Battäıa and Dolgui (2022)).
However, a common limitation of these existing methods is their scalability. The ma-
jority of heuristic and exact approaches are constrained to small-scale instances with
a limited number of products, which significantly restricts their applicability to real-
world industrial scenarios where the number of product configurations can easily be
vast, reaching into the millions, billions, or even more. Boysen, Fliedner, and Scholl
(2009b) report that an automotive manufacturer allows theoretically over 1024 possible
variations of a vehicle.

Another branch of the literature addresses the balancing problem by assuming a
random product sequence. This approach allows for the optimization of assembly lines
based on statistical characteristics rather than specific production sequences. How-
ever, it fails to capture the reality of assembly line operations, which lies between the
extremes of complete randomness and total control over the production sequence.

Therefore, this paper aims to fill the gap in the literature by proposing an inte-
grated approach for balancing and (indirectly) sequencing optimization in large-scale
assembly lines with uncertain production sequences. Our objective is to develop a
framework that effectively addresses the inherent complexities of simultaneously opti-
mizing balancing and consider sequencing decisions, while accounting for the practical
constraints and variability encountered in real-world assembly line operations. For
that, production sequences enforcing car sequencing rules are simulated to evaluate
the quality of the assembly line balancing solutions.

In the subsequent sections, we will review the existing literature on assembly line
balancing (Subsection 2.1) and car sequencing (Subsection 2.2), discussing the limita-
tions of current approaches and highlighting the need for a comprehensive solution for
large-scale assembly lines with uncertain production sequences. We will then present
our proposed framework, which combines assembly line balancing with car sequencing
in Section 3 along with the solution method consisting of a genetic algorithm and a
simulator in Section 4. The experimental design is described in Section 5 leading to
our result reports described in Section 6. Finally, the conclusions and directions for
further work are summarized in Section 7.

2



2. Literature review

2.1. Mixed model assembly line balancing

The literature on assembly-line balancing has witnessed significant developments in
addressing different aspects of practical lines and the combinations and extensions of
problems (Battäıa and Dolgui 2022). A significant part of these advances focus on
the assembly of multiple products or a wide family of homogeneous products (Boysen,
Fliedner, and Scholl 2008), since the investment and labor costs are then shared among
the different products. In some applications, there can be a product type that is the
bottleneck (Sikora et al. 2017) or a product representing a large proportion of the
relative demand (Sikora, Lopes, and Magatão 2017) that justify designing the assembly
line for a single product. More generally, however, the methods have to consider the
multiple products specifically (Boysen, Fliedner, and Scholl 2007).

When products requiring different processing times are assembled together, the pro-
duction sequence plays a crucial role in determining the line efficiency (Lopes et al.
2020b). Furthermore, the type of the line (or more specificity product transport sys-
tem) greatly effect how well a line operates. In unpaced lines, the movement of pieces
is discrete. The products are stopped in each station and are moved forward to the
next station after the tasks are finished. If the next station is still occupied by another
product, the station is said to be blocked and the product has to wait in the station.
An empty station that is waiting the product of a previous station is said to be starved.
One example of the scheduling of a line of three stations and four products (M1, M2,
M3, and M4) is displayed in Fig. 1. Each row represents a station and the abscissa
represents time. Each darker block stands for the processing time of a product. The
blocks without any filling (m2, m3, and m4) represents the time in which a station is
blocked. The empty space between M2 and M3 in the third row shows starvation of
Station 3.
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Figure 1. Example of the scheduling of an unpaced line with four products from Sikora (2022a). Every row
represent a station while the x-axis represents time from left to right. Each block stands for a workpiece and

its length is equal to the processing time in the corresponding station. While blocks show blockages. Alt text:
Diagram with blocks representing the processing, blocking, and starvation times in three stations for four
products. Every row represent a station while the x-axis represents time from left to right. Each block stands

for a workpiece and its length is equal to the processing time in the corresponding station. While blocks show

blockages.

Note that in the example of Fig. 1, products are moved whenever they are fin-
ished and the next station is free. Such transport system is said unpaced and asyn-
chronous, since each station can expedite the product further independently. Unpaced
synchronous lines also have a discrete movement, but the products of all stations are
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moved at the same instant (Lopes et al. 2018a).
There are also paced assembly lines, for which the conveyor belt is set to a constant

speed. Stations are defined as a length of the conveyor belt, in which the tasks are
performed during the period the product is reachable. The worker moves along with
the conveyor and returns to the start of the station after every cycle time. If the station
is longer than the equivalent length of a cycle time (the length a product advances
during a cycle time), the extra length serves as a buffer and allow longer processing
times to be compensated with more simple products in the production sequence.

As the operation of assembly lines depends on the transport system used, optimiza-
tion methods that integrate the balancing and the sequencing problems are usually
tailored to these different assembly line configurations:

• Karabati and Sayın (2003) propose an MILP model and a heuristic for balancing
unpaced synchronous assembly lines.

• Özcan, Kellegöz, and Toklu (2011) and Dong et al. (2014) propose an heuristic
method for optimizing U-shaped lines considering stochastic processing times.
Özcan, Kellegöz, and Toklu (2011) use an indirect objective function to minimize
workload deviations while Dong et al. (2014) specifically considered paced as-
sembly lines and minimized the expected utility work when stochastic processing
times exceeded the cycle time.

• Öztürk et al. (2012) and Öztürk et al. (2015) developed a Constraint Program-
ming and MILP formulations for unpaced synchronous lines with simple and
parallel stations, respectively.

• Tiacci and Mimmi (2018) model unpaced asynchronous lines with parallel sta-
tions and stochastic processing times in a genetic algorithm.

• Lopes et al. (2018a) and Lopes et al. (2019) propose improved MILP formulations
for unpaced lines. Lopes et al. (2018a) deal with both synchronous, asynchronous,
or even hybrid lines, while Lopes et al. (2019) focus on asynchronous lines with
parallel stations.

• Sikora (2021) optimizes a paced assembly line with uncertain demand. The prob-
lem is modeled as a two-stage stochastic problem. The balancing problem is
solved in the first stage and the production sequencing problem is dealt with in
the second stage, after the demand is known.

Even if the literature provides solution methods for the combined assembly line
balancing and production sequence problem, there are strong limitations on their im-
plementation in real systems. First, the combined problem is much harder to solve than
considering the balancing problem independently. The instances solved by the contri-
butions previously mentioned considered at most 7 product models (different types
of products that can be assembled) in their instances. Nowadays, the combinations
of options and add-ons that can be ordered result on millions, billions, or even more
different products (Boysen, Fliedner, and Scholl 2008). This large number of different
products are, however, not the main driver of complexity since in each station only
a few different operations are observed. Nevertheless, modeling both balancing and
sequencing problems together remains a challenge due to the immense combinatorial
complexity.

A second limitation of the combined problem is that both problems do not have the
same time frame. The design of an assembly line is a medium to long-term decision
(Boysen, Fliedner, and Scholl 2008), while the production sequencing is a short-term
operative problem (Boysen, Fliedner, and Scholl 2009a). In fact, the demand (and
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product sequence) can differ daily or weekly depending on customers orders (Sikora
2021). Therefore, the lack of knowledge of the exact demand or the products to be
sequenced when designing a line before its operation is a further challenge in a real
application.

A way to mitigate the uncertainty on the future production sequence but still
consider the scheduling effect of having multiple models is to consider a random se-
quence. Operating under such a sequence has been referred as Make-to-Order concept
(Bukchin, Dar-El, and Rubinovitz 2002) and would be equivalent to producing what-
ever the customers purchase in the (random) sequence their products are ordered. The
literature development in this stream consists of:

• Bukchin, Dar-El, and Rubinovitz (2002) and Manavizadeh et al. (2012) use a
“bottleneck measure” as an approximation for the efficiency of a line. Bukchin,
Dar-El, and Rubinovitz (2002) propose a heuristic method for finding good bal-
ancing solutions, which is improved in a metaheuristic framework by Manav-
izadeh et al. (2012).

• Tiacci (2015a) and Tiacci (2015b) couple a genetic algorithm with a simulator
to evaluate balancing solutions in a simulated random sequence. Both contribu-
tions consider parallel stations and stochastic processing times. The allocation
of buffers is also considered in Tiacci (2015b).

• Lopes et al. (2020a) also use a simulator to evaluate solutions as Tiacci (2015a).
The assembly line problem is tackled with an iterative local search and a simpler
simulator to quickly test the quality of solutions.

• Lopes et al. (2018b) propose a method based on Markov chains to calculate
exactly the expected cycle time of unpaced lines instead of using simulation.
The method is, however, very limited because the size of the Markov chains
grows very fast relative to the number of stations.

• Sikora (2022b) adapted the Markov chains to precisely calculate the expected
utility work for a random sequence, albeit limited to paced assembly lines. The
method assumes that all products can be finished within each station, so that
stations are treated independently. Instances with up to 53 tasks and over 1012

products are solved exactly.

Both these literature streams (combined balancing and sequencing problem / bal-
ancing problem for a random sequence) have their merits and their drawbacks. While
the methods for the combined problem cannot solve large instances, designing the
assembly line for a random sequence is over pessimistic. While this method offers
computational convenience, it comes with significant limitations that detract from
its practical value in real-world assembly line settings. Therefore, we propose an in-
termediary formulation that does not solve the sequencing problem but restricts the
randomness of the production sequence. One example of partial sequencing is rese-
quencing (Boysen, Fliedner, and Scholl 2009a), in which a disturbed (or random) se-
quence can be rearranged in a buffer (Lübben, Pries, and Sikora 2023). In our proposed
method, we consider car sequencing rules, described in Subsection 2.2, to constraint
the randomness of a simulated product sequence. Enforcing sequencing rules is a com-
promise about assuring a good production sequence without requiring the solution of
a integrated sequencing problem.
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2.2. Car sequencing

The optimization of the production sequence in mixed-model assembly lines is not an
easy task. The production rate of large manufacturers can easily be bellow one vehicle
per minute (Emde and Gendreau 2017) so the sequencing of the daily production alone
already requires considering over 1000 products. The Car Sequencing (CS) Problem
was introduced by Parrello, Kabat, and Wos (1986) and is an approach to find good
production sequences using simple rules instead of focusing on an optimal solution.
The illustrative example of this inaugural paper portray the mounting of the air con-
ditioning. Suppose that historical data shows that fewer than 60% of the customers
order a vehicle with air conditioning and the mounting of air conditioning requires a
long processing time – five times the cycle time in the example of Parrello, Kabat,
and Wos (1986). A possible solution for such case is to have three workers assigned to
assure enough the installing capacity of 60%. If in a sequence of five products, up to
three vehicles require air conditioning, a worker is assigned to each model. If a fourth
vehicle with air conditioning is planned within five products, there will not be an idle
worker for the installation. Therefore, a car sequencing rule 3:5 (at most three out of
five) can be defined for the production is respect to the feature ‘air conditioning’.

A feasible production sequence may have to obey a collection of car sequencing rules
denoted by H:N (H out of N). For instance, vehicles may be ordered with or without
sunroof, air conditioning, or cruise control. Each such a critical component (or option)
requires a specific rule. Table 1 shows an example from Fliedner and Boysen (2008)
and shows a feasible sequence of products respecting rules 1:2, 1:3, and 3:5. Each
vehicle is represented with a column and while each row reflects a critical component.
Cells with an X denote a vehicle with an option while − stands for a product without
such option. A sequence is feasible if for every partial sequence of Nj vehicles respects
the rule for option j. If a ninth vehicle were to be added in the sequence, it must not
contain any of the three options. Otherwise the window based on products 8-9, 7-9,
and 5-9 would present 2, 2, and 4 vehicles with the three components, respectively.

Table 1. Example of a sequence respecting car-sequencing rules based on Example 4 of Fliedner and Boysen

(2008).

Product
Rule 1 2 3 4 5 6 7 8
1:2 X - X - - X - X
1:3 X - - X - - X -
3:5 - X X - X - X X

The CS problem is described as often used in the industry (Golle, Rothlauf, and
Boysen 2014). In fact, from the scheduling literature on the automotive industry, most
of the real instances are based on this problem (Gagné, Gravel, and Price 2006). CS
instances from the Renault Group were even the focus of the ROADEF Challenge
2006 (Solnon et al. 2008). The ROADEF Challenge is organized by the French Society
of Operations Research and foster a competition to solve real industrial optimization
instances.

The literature on solution methods for CS is dominated by heuristic and meta-
heuritic methods (Gagné, Gravel, and Price 2006; Solnon et al. 2008; Golle, Roth-
lauf, and Boysen 2015; Sun and Fan 2018; Thiruvady et al. 2020) but also presents
some exact methods such as branch-and-bound (Fliedner and Boysen 2008) and con-
straint programming (Dincbas, Simonis, and Van Hentenryck 1988). Recently, Sun
et al. (2022) compared the performance of different exact and heuristic methods for
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the available benchmarks and proposed new harder instances. The authors also pro-
pose a visualization method for the instances’ characteristics and discussed about the
drivers of instance difficulty.

Even though the literature on CS is fruitful, there are some inherent disadvantages
and shortcomings of using this method to solve the sequencing of the automotive
production. If no sequence rule is violated, then usually the production is feasible.
However, the real cost (cycle time, amount of utility work, rework, etc.) required if
a rule cannot be fulfilled depends on the objective function used for CS (Fliedner
and Boysen 2008; Golle, Rothlauf, and Boysen 2014). In the literature, multiple forms
of counting the number of violations are proposed (Fliedner and Boysen 2008) but
none of them provides the real effect in the production (Golle, Rothlauf, and Boysen
2014). A comparison between CS and the Mixed-Model-Sequencing (MMS) Problem
is discussed in Golle, Rothlauf, and Boysen (2014). The MMS explicitly schedules the
position of the worker in each cycle time. The MMS requires more data than the simple
H:N rules but computes directly the effect of the sequence. Even if the MMS deliver
better solutions, Golle, Rothlauf, and Boysen (2014) discuss that the industry still rely
more on CS due to its simplicity. The sequencing rules H:N are easy to understand
and to communicate between the production and marketing departments.

Another shortcoming of the CS is the assumption that only two kinds of products
are produced in a station (Golle, Boysen, and Rothlauf 2010). As the introductory
example, the rules are defined based on only two options in a station. If three or more
options are to be produced in a station, the rules H:N cannot be applied as described.
Golle, Boysen, and Rothlauf (2010) explore this case and provide a method to generate
sequencing rules for this case. The rules for multiple products, however, do not exactly
translate the simple H:N rules and may require multiple rules.

Even with these disadvantages, we use CS rules to simulate pseudo random se-
quences close to sequences that would be planned in real applications.

3. Problem description

The proposed problem consists in finding a good assignment for a set of tasks i ∈ T
to P work centres of an unpaced line operating under a partially random sequence.
The definition of the tasks, the production sequence, the notation, and the sequencing
rules are given in the following sections.

3.1. Tasks and product variants

A set of tasks T (numbered with i = 0, . . . , |T | − 1) has to be performed within
the production line in order to assembly the required products. Tasks also can have
options, which can be either be an optional component (such as sunroof) or two
different variations of a component (such as a regular seat or a heated seat). For each
task, there is at most two options: the one requiring the least amount of processing
time (tiL) is named L (Lowest Work Intensive option), while the most time consuming
task (tiH) is indexed with H (Highest Work intensive option). We assume that there
are three type of tasks. The normal tasks are identical for all products and do not
present a second option. For one of such task i, the relative demand (d) of option L
is then 100% or diL = 1, while diH = 0. The second and third type of tasks present
different options. The variant task allows two different components to be mounted in
the product. The relative demand of products with the L component is 0 < diL < 1,

7



while the H variant has the relative demand of diH = 1−diL. One example of such task
can be the mounting of a regular seat or a heated seat in a vehicle. Finally, the third
type of tasks are named optional tasks. These tasks represent a component that is
not required in each product and can be ordered as an add on, such as a sunroof. We
denote the optional variant as the H variant, whose demand is 0 < diH < 1, while the
variant L has the processing time tiL = 0.

A product (or product model) is described by the specifications of all components as
ordered by the costumer. A model can be, for instance, a vehicle without sunroof, with
air conditioning, and with cruise control. The number of models that can be produced
is equal to 2T

∗
, in which T ∗ represents the number of tasks with two options. In other

words, a variant is defined by a sequence (j0, j1, ..., j|T |−1) selected among the possible
set of options for each task.

As at most two options are available for each task, we use the notation of Table 1
and use X for the most complex option and − for the least demanding option in terms
of processing time. Product 1 in Table 1 is therefore referenced as (X,X,−).

Besides the processing times, the average sales proportion of each option is also
available as given data. Let dij ∈ [0, 1] be the relative demand of option j for the
component mounted with task i. The value of dij can be seen as the probability that
option j is purchased by the client. These probabilities are assumed to be valid in
average while variations in the daily production are allowed. One sample instance can
be found in Table 3 and a sample solution is given along with the algorithm description
in Section 4.

3.2. Production sequence

As the time frame of the ALB and the sequencing problems are different, there is
not an obvious way to model the production sequence for the medium to long term
design of assembly lines. In the literature (section 2.1) there are papers that assume
the production sequence to be random, while others assume total control of the se-
quencing in the planning phase by solving a combined ALB and sequencing problem.
Both of these conditions are unrealistic since the planner can enforce influence on the
production sequence but the solution of a real sequencing problem with potentially
billions of product variants is not manageable in the planning phase. In this work, we
propose a condition in between by using partial random sequences.

Suppose each task i presenting two options has a meaningful CS rule in the form
Hi : Ni, that is, at mostHi of products containing the most complex option (in terms of
processing time) of task i is allowed in a sequence ofNi products. Assume thatR is a set
containing some of the defined sequencing rules. A partial random sequence is defined
as a sequence of products drawn randomly based on the probability distributions for
each task while obeying a set of sequencing constraints R. In the process of generating
sequences, if one sequencing rule were to be violated, the option is corrected to the
most simple one. We use the sequence of Fig. 1 as example. The selection of the 8th

product (X,−, X) would also be feasible for the products (−,−,−), (X,−,−), and
(−,−, X). For the 8th product, the only prohibited assignment is to have a complex
option in the second row due to the 1:3 rule. For the 9th model, the only feasible
product is (−,−,−) as any X option would violate a CS rule.

A list of T ∗ CS rules (T ∗ is the number of tasks with two options) may result in a
highly restricted CS problem to be solved. Therefore, we assume that only a subset of
the CS rules should be considered in the planning of an assembly line. The production
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sequence is then simulated by random draws while respecting the selected rules.
The combined problem consists of the assignment of tasks of the assembly line plus

selecting the most critical components to define the CS rules.
As described in Section 2.2, one of the disadvantages of CS is that CS rules only

work as intended originally if there is two options within a station. We relax this
condition and allow multiple tasks to be assigned in a station. A drawback is that a
feasible sequence without any CS violation can still be a bad production sequence.
We show this in one example: If, for instance, the balancing solution assigns the tasks
related to the air conditioning and the cruise control to the same station and only one
the CS rule for air conditioning is selected, any sequence in respect to cruise control is
allowed. That is, even if the products with air conditioning are sequenced well, a long
sequence with products all with cruise control is still possible.

By solving the ALBP along with the selection of CS rules, it is expected that
good solutions will identify the critical components (options that without control in
the sequence lead to bad solutions), apply CS rules to them, and possibly assign the
critical components to different stations. A solution to the problem not only provides
the design of an assembly line but also points out what practitioners have to pay
attention to in terms of sequencing.

3.3. Notation and assumptions

A summary of the notation introduced in the explanation of the tasks along with the
variables that are yet to be introduced in the algorithm is shown in Table 2.

The following assumptions are required to described the problem defined further in
Subsection 3.4.

• A set of |T | tasks has to be performed in the line in order to complete each
product.

• Tasks are either normal tasks (the same task for all products), variant tasks
(presents two options with non-zero processing times), or optional tasks (the
most basic product does not require this task / do not has a component, while
the most complex product requires processing time greater than zero. The task
is described as optional since not all products require them).

• The time needed to perform the option type j of task i is stochastic, normally
distributed, with mean value tij and standard deviation σij = cv · tij , where cv
is the coefficient of variation.

• The assembly line is composed by a series of P Work Centres (WCs). Each
WC consists of either one Workstation (WS), for the case of non-paralleling, or
multiple parallel WSs.

• In each Workstation there is a human operator that performs one or more tasks.
An annual cost CW is associated to each operator.

• The way tasks are assigned to WCs is constrained by the precedence relations
among tasks. Precedence constraints among tasks are defined by a precedence
diagram (see Figure 2).

• A task can be performed only if all its predecessors have already been per-
formed. Precedence constraints can be mathematically formulated as follows
(adapted from Miltenburg and Wijngaard (1994)). Given a set of tasks T =
{i|i = 0, 1, . . . , |T | − 1}, a set of precedence constraints C = {(x, y)| task x must
be completed before task y}, find a collection of subsets of T , (T0, T1, . . . , TP−1)
where Tk = {i| task i is done at work centre k}, that satisfy the following con-
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Table 2. Parameters and variables of the problem.

Sets
T the set of tasks with index i (i = 0, . . . , N − 1)
T ∗ subset of the tasks containing two options
V the set of variant tasks (V ⊆ T )
O the set of optional tasks (O ⊆ T and V ∩O = ∅)
Problem parameters
L index for the lowest work intensive option of a task
H index for the highest work intensive option of a task
P the total number of work centres in the line (index k = 0, . . . , P − 1)
ct imposed cycle time
tij the average time required to execute the task i on option j [time units]
σij the standard deviation of the time required to execute the task i on option j [time units]
cv the coefficient of variation of tij
dij the demand proportion for option j of task i
ri possible sequencing rule for task i
CW annual cost of a worker [e/year]
CE annual cost of a piece of equipment [e/year]
Decision makers’ parameters
ζ the penalty factor related to the cycle time constraint
Variables
Tk the set of tasks assigned to work centre k
Nk the number of tasks assigned to work centre k
Wk the number of workers (or workstations) in work centre k
Ek the number of pieces of equipment in work centre k (Ek = Wk ·Nk)
Performances measurements
cteff the realized average cycle time [time units]
DC the design cost of the line
NDC the normalized design cost

ditions:

P−1⋃
k=1

Tk = T (1)

Tk

⋂
Tw = ∅ ∀k ̸= w ∈ {0, 1, ..., P − 1} (2)

if (x, y) ∈ C, x ∈ Tk, y ∈ Tw, then k ≤ w, ∀x, y ∈ T (3)

Equation (1) ensures that all tasks are assigned to a work centre. Conditions
(2) ensure that each task is assigned only once. Conditions (3) ensure that the
precedence constraints are not violated. In fact, if a task x must be completed
before a task y, it must be assigned in the same WC where task y is done or in
a preceding WC.

• In the case of paralleling, all of the WC’s tasks are not split among the WSs,
but each WS completes them all. Thus, the addition of one (or more) WS and
the related operator who performs the same set of operations increases the WC’s
production capacity.

• Each task requires a different piece of equipment to be performed, to which a
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Figure 2. Exemple of a precedence diagram where nodes represent tasks numbered from 0 to 9 and arcs
represent precedence relations between tasks. Alt text: A graph with nodes and arcs representing the precedence

relations of an assembly line.

cost CE is associated. Thus, if one station is parallelized there is an extra cost
due to equipment duplication.

• There are no buffers between WC.
• The line is asynchronous, that is blockage as well as starvation are possible.
• The first WC is never starved (there is always raw material for the first WC) and
the last station is never blocked (there is always storage space for the finished
product).

• One WC with multiple WSs is considered busy if every WS inside is busy. If a
WS finishes its work on a workpiece while the subsequent WC is still busy the
workpiece cannot move on, and remains in the current WS keeping it busy; the
WS will be released (i.e., it will be able to process another workpiece) only when
the workpiece leaves the WS.

• Products enter the line with a sequence able to comply with the demand pro-
portion of each option of each task.

• While respecting the demand proportion of each option of each task, variant and
optional tasks are characterized by a possible sequencing rule ri: the rule ri =
Hi : Ni means that the high work intensive option of task i can be performed at
most Hi times every Ni products (see Subsection 3.2).

A sample of a problem instance is displayed in Table 3.

Table 3. Data of an example of an instance of the problem with 10 tasks, with imposed cycle time of 14 time
units. The table contains average completion times, scheduling rules and demand proportions of tasks.

task# type tiL tiH ri diL diH
0 Variant 7 9 4:6 0.334 0.666
1 Normal 3 1 0
2 Optional 0 7 3:5 0.500 0.500
3 Variant 9 14 1:4 0.867 0.133
4 Normal 10 1 0
5 Variant 6 9 1:3 0.777 0.223
6 Normal 5 1 0
7 Optional 0 10 2:5 0.687 0.313
8 Normal 4 1 0
9 Normal 3 1 0
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3.4. The problem: solving the MALBP using car sequencing rules

The goal is to create a line configuration that minimizes a cost-oriented objective
function while satisfying task precedence constraints. A line configuration is defined
by the elements that reflect the problem’s variables:

• the number of work centres in the line, P
• the number of workstations in each work centre, Wk

• the tasks assigned to each work centre
• which are the variant tasks in V and the optional tasks in O for which a se-
quencing rule is applied.

Task precedence relations reflect which tasks must be done before others and limit
how tasks are assigned to WCs. The imposed cycle time (ct) is equal to the inverse
target line throughput. Because the line is asynchronous, the imposed cycle time has
no direct influence on the line’s speed. On the contrary, the line configuration must be
built in such a way that the average effective cycle time (cteff ) achieved by the line
is close to the imposed one (ct) while also having the lowest design cost possible. To
achieve this goal, the compliance with the performance objective (ct close to cteff ) is
inserted in a cost-based objective function known as Normalized Design Cost (Tiacci,
Saetta, and Martini 2006).

The Design Cost, i.e. the overall annual cost for workers and equipment of a line
layout, is used to evaluate costs:

DC =

P−1∑
k=0

(CE · Ek + CW ·Wk) (4)

The performance objective is met by imposing a penalty on line configurations
whose effective average cycle time exceeds the prescribed one. This is accomplished by
computing the Normalized Design Cost (NDC). If cteff ≤ ct, the NDC matches the
Design Cost; otherwise, it is increased:

NDC =

DC if cteff ≤ ct

DC

[
1 + ζ

(
cteff−ct

ct

)2
]

if cteff > ct
(5)

where ζ is a penalty factor that can be assigned based on the needed compliance with
ct. The cycle time constraint grows more stringent as assumes higher values. The NDC
reflects the fact that in real-world situations, a small deviation in average cycle time
from the theoretical one is permitted, especially if this results in consistent savings in
terms of line configuration.

The cost-oriented mindset that many managers and practitioners adopt in busi-
nesses serves as the driving force behind the decision to use a singular objective func-
tion for a multi-objective problem rather than Pareto frontiers or other approaches.
Managers can directly relate the failure to meet performance target values to costs by
using the penalty coefficient, whose value can be opportunely set by decision-makers.
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4. The genetic algorithm approach

This section explains how the given problem has been solved using a genetic algorithm
combined with an event/object oriented simulator to determine an individual’s fitness.

The necessity to overcome the limitation of utilizing conventional metrics of the
performance of the line that are not simulation-based and are only weakly associated
to its true value spurred the notion to couple a balancing algorithm with a simulator.
Battäıa and Dolgui (2022) noted in a recent review on new trends and formulations
about line balancing that simulation has been used much more frequently in recent
years. They also noted that this is consistent with the development of digital twins and
the desire to have a digital model that is identical to the physical one in order to aid in
decision-making. The decision to use a genetic algorithm coupled with a simulator is
based on the ability of GAs to have a strong exploratory component and to be easily
integrated with a simulator for fitness assessment.

A genetic algorithm frequently converges on a good solution by using natural selec-
tion and survival of the fittest to increase the quality of the initial population of indi-
viduals, each individual representing a feasible solution of the problem. The method
starts with a population of random solutions and then uses genetic operators, such as
crossover and mutation, to generate new ones. Each individual of the new generation
is evaluated through a fitness function, which measures how well the solution solve the
problem. The fittest individuals are chosen to reproduce and generate new children
who inherit the characteristics of their parents. This process continues for a number
of iterations, each iteration corresponding to a new generation of individuals. At the
end of the iterations, the individual in the final population with the highest fitness is
considered the final solution.

The proposed genetic algorithm is an extension of the algorithms described in Tiacci
(2015a, 2022), and utilizes three chromosomes to represent and individual, which
corresponds to a feasible solution of the problem. Although the algorithm has sim-
ilarities with already published methods, its description is fully given to provide a
self-contained explanation of the method. The novel developments are related to the
modeling and treating of the sequence rules within the genetic algorithm and the sim-
ulation model, which has required to change the form of and the meaning of the third
chromosome, as described in the next subsection.

4.1. Representation and decoding

Figure 3 shows the chromosomal representation of an individual which corresponds
to a feasible solution of the sample instance of Table 3. An individual is represented
through three chromosomes. The first chromosome CH1 is formed by a number of
genes equal to the number of tasks (|T |) and can be seen as a vector representing an
ordered sequence of all tasks. Because their order corresponds to the order in which
they are assigned to WCs, the sequence must always adhere to the precedence criteria.

The second chromosome CH2 is also a vector with |T | elements that determines
which WC gets assigned the duty. The WCs on this chromosome are numbered in
ascending order, beginning with the first in the line and ending with the last. As a
result, when a task is allocated to a different WS than the previous task, the matching
value in the second chromosome is increased by one. Using Figure 3 as an example,
tasks 1 and 0 will be assigned to WC#0, tasks 3, 2 and 5 to WC#1, tasks 4 and 7
to WC#2 and tasks 6, 8, and 9 to WC#3. It is necessary to determine the number
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of workers (i.e. WSs) in each WC after all tasks have been delegated to WCs. This is
accomplished by requiring each WC to complete all jobs with a specific probability,
pc. To do this, the so-called ”average model” is taken into account. The time required
to complete each job i is first computed using the weighted average completion time
t̂i and the weighted standard deviation σ̂i:

t̂i =
∑
j

dijtij , σ̂i =

√∑
j

dijσ2
ij (6)

The total amount of time required for a WC to complete all of the tasks allocated to

it will thus follow a normal distribution N
(∑

i t̂i,
√∑

i σ̂
2
i

)
, with a mean value equal

to the total of the average task times, and a standard deviation equal to
√∑

i σ̂
2
i . The

predicted time Tlimit required to finish all the tasks given to a WC with a probability
pc can be calculated using the inverse normal distribution function. The number of
employees Wk assigned to the WC will equal the minimal integer value causing ct ·Wk

to exceed Tlimit. Table 4 demonstrates how the number of workersWk for the individual
depicted in the top of Fig. 3 is determined, considering an imposed cycle time ct =
14, and pc = 80%. It is noteworthy how in the example shown in Table 4, the various
tasks have a different coefficient of variation cv. This shows that the algorithm can
work even without all tasks necessarily having the same cv. In generating the instances
with which we then tested the algorithm, we assumed for simplicity’s sake the same
cv for all tasks, but this does not preclude the algorithm from being applied in the
event that the experimental data allow us to determine different standard deviations
for the various tasks.

Figure 3. The decoding procedure and the line configuration corresponding to the chromosomal representa-

tion. The three rows of integer values are displayed symbolizing the three chromosomes of the algorithm. The
line structure coded in the top part of the figure is shown in the bottom of the picture. Four stages of the

line are manned with either single or parallel stations. The first and fourth station has a single worker, the

middle stations have two workers. Alt text: Three rows of integer values are displayed symbolizing the three
chromosomes of the algorithm. The line structure coded in the top part of the figure is shown in the bottom

of the picture. Four stages of the line are manned with either single or parallel stations. The first and fourth

station has a single worker, the middle stations have two workers.
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Table 4. Calculating the number of workers Wk in each WC (ct = 14, pc = 80%).

WCk task t̂i σ̂i
∑

i t̂i
√∑

i σ̂
2
i Tlimit Wk

0
1 3.00 0.90

11.33 2.67 13.58 1
0 8.33 2.52

1
3 9.67 2.94

19.83 3.97 23.10 22 3.50 1.48
5 6.67 2.04

2
4 10.00 3.00

13.13 3.44 16.02 2
7 3.13 1.68

3
6 5.00 1.50

12.00 2.12 13.79 18 4.00 1.20
9 3.00 0.90

The third chromosome CH3 provides information on which of the variant and op-
tional tasks should adopt the corresponding sequencing rule. In Tiacci (2015a), the
third chromosome represented the fixed sequence of models entering the line expressed
in terms of the Minimum Part Set, i.e. the shortest sequence of models able to sat-
isfy the proportion of demand for each model. By repeating this sequence during the
planning horizon, the total demand for each model is satisfied. In the present case,
however, we do not have to decide on an exact sequence of models entering the line,
but rather determine whether or not to adopt a scheduling rule for each variant and
optional task.

To this aim, the third chromosome has a number of genes equal to the sum of
variant and optional tasks. Each gene of the chromosome contains a binary value, 1
if the sequencing rule is selected, 0 if the sequencing rule is not selected. Each gene is
associated to a corresponding variant/optional task following the order in which they
appear in CH1. In the sample instance, there are 3 variant tasks and 2 optional tasks,
so that the length of the chromosome equals 5. In the example, the variants/optional
tasks appear in CH1 in the following order: 0, 3, 2, 5, 7. This means that, being
CH3 = {0, 1, 1, 0, 0}, for the variant task #0, the variant task #5 and the optional
task #7 the corresponding sequencing rules are not selected, while for the variant task
#3 and the optional task #2 the corresponding sequencing rules (1 : 4 and 3 : 5) are
applied.

4.2. Initial population

The initial population, composed by NP individuals, is created randomly. For each
individual, the first chromosome is generated, respecting the precedence constraints,
following the procedure adopted by Kim Y. K., Kim, and Kim (1996):

(1) Begin by forming an initial set of tasks that have no predecessors and create an
empty string, which will serve as an empty chromosome.

(2) If the available set is empty, terminate the process. Otherwise, proceed to Step
3.

(3) Randomly select a task from the available set and add it to the string.
(4) Update the available set by removing the selected task. Additionally, include

every immediate successor of the task in the available set if all of its immediate
predecessors are already present in the string. Return to Step 2.
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Note that in Step 4, the available set is updated in accordance with precedence
constraints to ensure the generation of a feasible sequence at all times.

To construct the second chromosome, the first position of the vector is originally
set to 0. The following place can then have the same value as the previous one, or a
value increased by 1. This choice is picked at random, with a probability of 50%.

The generation of the third chromosome is performed by generating a number of
genes equal to the sum of the variant and optional tasks. Each gene can assume a value
of 1 or 0 with equal probability, which represents, as described in the preceding section,
the selection or non-selection of the rule for the corresponding variant/optional task
in CH1.

4.3. Crossover operator

The Crossover operator is used during the reproduction phase. This involves two in-
dividuals, identified as parent1 (p1) and parent2 (p2), who generate two children, s1
and s2. All three chromosomes are subjected to the Crossover operator.

A single point crossover operator is utilized for the first chromosome (CH1) (top of
Fig. 4). In parent1, a random cut point c is chosen (p1). Following the cut point, the
elements are transferred into the matching location in offspring s1. These elements are
then removed from parent2 (p2), and the remaining elements of p2 are copied in the
same order as they appear in p2 into the beginning places of s1. This procedure ensures
the development of a feasible sequence that complies with precedence constraints.

A different technique is used for the second chromosome (CH2) (middle of Fig. 4).
The same cut point c is used as in the first chromosome. The values in the genes
preceding the cut point are copied from p1 to s1 in the same order. Let d indicate
the difference between the last copied gene from p1 and the corresponding gene from
p2. The values in p2 to the right of the cut point are then transferred, but with an
additional increment of d, into the identical locations in s1. Thus, the first value in s1
after the cut point can either match the value of the gene (position) before it or, at
most, increase by 1.

The crossover applied to the third chromosome CH3 (bottom of Fig. 4) simply con-
sists in concatenating a part of the chromosome from each parent. A crossover point
c′ is randomly selected along the chromosomes of the parent individuals. The chromo-
somes of the parents are divided at the crossover point. The genetic material before
the crossover point in p1 is combined with the genetic material after the crossover
point in parent 2 to form the chromosome of the first offspring. The second offspring
s2 is generated inverting p1 and p2 roles.

4.4. Mutation operator

The operator is applied to each of the individual’s three chromosomes when a mutation
takes place. For the first chromosome a task is randomly selected (for instance, task 5 in
top of Fig. 5), and its location within the chromosome is swapped with another task. To
maintain a feasible sequence of tasks, in the new position the selected task must come
before all of its immediate predecessors and come after all of its immediate successors.
The feasible insertion locations form a substring within the parent chromosome and
are sequential. Random selection is used to choose one of the possible insertion places.

The mutation takes place as follows when it comes to the second chromosome (mid-
dle of Fig. 5): a random gene within the chromosome is picked. Let p stand for the
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value in this gene and l for the value in the gene before it. Obviously, l ≤ p. All values
from p forward are increased by one if l = p. This signifies the division of a single
Work Centre (WC) into two. On the contrary, all values from p forward are decreased
by one if l < p. This denotes the merger of two WCs into one.

The third chromosome is mutated by switching two randomly selected genes (bot-
tom of Fig. 5).

4.5. Fitness evaluation: the Assembly Line Simulator (ALS)

The fitness function, which assesses the quality of an individual, is known as the
Normalize Design Cost (eq. (5)). The evaluation of fitness is conducted in two phases.

The first phase involves calculating the design cost of the assembly line represented
by an individual. This is accomplished by applying the decoding procedure outlined in
Subsection 4.1. This procedure gathers information regarding the number of working
centers (WCs) in the assembly line, the number of workers in each WC, the tasks
assigned to each WC (including the corresponding equipment), and the sequencing
rules for option/variant tasks. We will refer to this collection of information as the
“line configuration”. The design cost (DC) of the line configuration associated with
the individual can be straightforwardly calculated using eq. (4).

The second phase involves calculating the Normalized Design Cost, which penalizes
solutions that have an effective cycle time exceeding the target cycle time. To deter-
mine the effective cycle time of the line configuration represented by the individual,
a simulation run must be performed. For this purpose, the Assembly Line Simulator
(ALS) (Tiacci 2012) has been integrated into the fitness evaluation phase of the genetic
algorithm. ALS is a Java-based discrete event simulator for assembly lines, developed
under the object-oriented simulation paradigm. Object-oriented simulation has gained
importance in the context of the Industry 4.0 paradigm, where optimization through
simulation, real-time simulation, automated decision systems based on simulation, and
online scenario analysis play significant roles (Tiacci 2020). The object-oriented archi-
tecture of ALS enables it to calculate the average cycle time of a complex assembly
line directly. It does so by receiving input arrays that represent task durations, the line
configuration, and the sequence of products entering the line, eliminating the need for
manual reconstruction of the simulation model as the line configuration changes.

A specific version of ALS has been developed in order to consider the different data
structure needed to represent the normal and the high work intensive options that
characterize optional/variant tasks, with respect to the classic concept of ‘model’. This
required changing the source code of ALS, consisting in introducing specific attributes
in the Load Class that allow determining, when creating a load, which of the two
options, normal or high work intensive, must performed for each task. Furthermore, a
different method for generating random sequences of loads entering the line has been
implemented. In fact, the simulator cannot simple generate random sequence based
on the options proportions diL and diH and expect the sequencing rules to be obeyed,
because sequences of loads with more than H out of N optional or variant tasks are
prohibited if the corresponding rule is selected. Therefore, the method to generate
random sequences of loads has been adjusted in order to maintain the given options
proportion and at the same time to respect the rules selected for each task. In order
to do so, it is necessary to correct the probabilities of diL and diH with which the
options N and H respectively are generated, in order to consider precisely that when
a sequence does not comply with the selected rule, it must be discarded. Subsection
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4.6 illustrates how the corrected probabilities were calculated.

4.6. Correction of the model probabilities

When simulating a random sequence under car-sequencing rules of a product with an
option j with a relative demand of dij , one cannot simply draw the option with the
same probability dij . As a random draw also contains sequences that are forbidden,
the resulting simulation will result in less products with the option as required. In
this section, we propose a corrected probability θ for the random draw of an option H
(represented with X), whose resulting relative demand is equal to the required diH .

The calculation of the corrected probabilities θ can be performed by using Markov
chains to model all possible subsequences. We illustrate the procedure for the rules
1 : 3 and 2 : 3 and show the resulting formulas for all rules up until 6 products in
Table 5.

For a rule of the type H : N , consider all possible sequence of products with length
N − 1. Depending on the amount of products with a given option, the next product
can be drawn with an option with a probability θ or a product without the option
must be enforced.

For the case of rules 1 : 3 and 2 : 3, four possible subsequences with length 2 (3-1)
are: −−, −X, X−, and XX. Here, − stands for a product with the simplest option
j and X for a product with the most complex option. A sequence −X stands for a
first product without the option and a second product with the option. Suppose a
station has observed the subsequence −X.Without any restrictions, the next product
can have any option j, resulting in the sequences −XX or −X−. Considering only the
last two products, the subsequences are expressed as XX and X−. Depending on the
sequencing rules, some of these transitions can be prohibited. For instance, if the rule
1 : 3 must be considered, after the subsequence −X, the next model cannot contain
the option and the next subsequence must be X−.

The possible transitions can be transcribed in a matrix along with the probability
θ of a model containing option j. For rule 1 : 3, matrix

T1:3 =

−− −X X− XX


−− 1− θ 0 1 0
−X θ 0 0 0
X− 0 1 0 1
XX 0 0 0 0

represent the transition probability, while matrix

T2:3 =

−− −X X− XX


−− 1− θ 0 1− θ 0
−X θ 0 θ 0
X− 0 1− θ 0 1
XX 0 θ 0 0

can be used to describe a 2 : 3 rule. These matrices are transition matrices from
Markov processes and each column describes the transition for the current state to
the next state depicted in the rows. The first column of T1:3, for instance, shows that
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after a subsequence −−, there is a probability of θ to transition to a state −X, that
is, a product with option H entered, while the system can remain in state −− (the
next product does not have the option H) with probability 1− θ. For all other states,
the transition is deterministic, since only one product can contain the option in each
sequence of 3 products. For the rule 2 : 3, more states are possible. The state XX,
however, requires that the next product does not contain the option, as depicted in
the last column of T2:3.

Transition matrices from Markov processes can be used to calculate the steady-
state probabilities of the states in which the system occupies. By solving the system
xT = x, the vector x represents how often each subsequence occurs. If these values
are multiplied with the amount of products with an option in each subsequence, we
obtain the expected amount of products with the given option. For a rule of the type
X : 3 (X is 1 or 2), the number of products with an option is given by

ProdX:3 =




−− 0
−X 1
X− 1
XX 2

Vector ProdX:3 represent the expected number of products with an option X in every
subsequence of length 2 and is ordered in the same way as matricesT1:3 and T2:3.

Finally, as subsequences of length N − 1 are considered, we can write

xTProdH:N = (N − 1)diH . (7)

xT is a function of θ, while ProdH:N and diH are numeric vectors and (N-1) a scalar.
Equation (7) can be solved in respect to θ, the corrected probability of a given option.
In this paper, we provide the resulting expression of solving the Markov Chain linear
system (finding x) and substituting in eq. (7) for every rule up until N = 6 in Table
5. The equations were solved using Wolfram Mathematica. For further sequences, the
same steps (solve linear equations of the Markov Chain in function of θ and using Eq.
(7) should be used).

5. Experiment design

In order to test the effectiveness of incorporating car sequencing rules in the planning
of mixed-model assembly lines, we compare the proposed approach, which provides
the possibility to use specific rules for variant and optional tasks, with the random
approach. To this aim, two versions of the algorithm has been tested on 45 benchmark
instances from the literature (see the next section for details):

• GA-Rules. This is the genetic algorithm approach presented in this paper, able
to balance the line and to specify which rules among variant and optional tasks
must be adopted in order to minimize the Normalized Design Cost.

• GA-Random. This algorithm, presented in Tiacci (2015a), adopts the same ap-
proach of GA-rules, but does not provide the possibility to select the rules for
optional and variant tasks. In this way, the sequence of models entering the
line is random, drawn based on a uniform distribution for the given demand
proportions.
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Rule Equation

1:2 θ
1+θ = diH

1:3 2θ
1+2θ = 2diH

2:3 2θ(1+θ)
1+θ+θ2 = 2diH

1:4 3θ
1+3θ = 3diH

2:4 3θ(1+2θ)
1+2θ+3θ2 = 3diH

3:4 3θ(1+θ+θ2)
1+θ+θ2+θ3 = 3diH

1:5 4θ
1+4θ = 4diH

2:5 4θ(1+3θ)
1+3θ+6θ2 = 4diH

3:5 4θ(1+2θ+3θ2)
1+2θ+3θ2+4θ3 = 4diH

4:5 4θ(1+θ+θ2+θ3)
1+θ+θ2+θ3+θ4 = 4diH

1:6 5θ
1+5θ = 5diH

2:6 5θ(1+4θ)
1+4θ+10θ2 = 5diH

3:6 5θ(1+3θ+6θ2)
1+3θ+6θ2+10θ3 = 5diH

4:6 5θ(1+2θ+3θ2+4θ3)
1+2θ+3θ2+4θ3+5θ4 = 5diH

5:6 5θ(1+θ+θ2+θ3+θ4)
1+θ+θ2+θ3+θ4+θ5 = 5diH

Table 5. Formulas for the corrected model probability θ for rules with at most 6 products for an expected

relative demand of diH .

Because of the stochastic nature of the algorithm and the simulator ALS, the so-
lution found for each instance changes if the procedure is repeated using a different
random seed. For this reason, each instance has been solved 20 times by each of the
two versions of the algorithm.

The genetic algorithm has been implemented in Java, and the experiments have
been performed on a PC with 8GB RAM and an Intel Core i5-2400 Cup at 3.1 GHz.

5.1. Benchmark instances

The two versions of the algorithm, GA-rules and GA-random, have been tested on a se-
ries of benchmark instances proposed in the literature. We chose 5 instances (Barthold,
Gunther, Roszieg, Scholl, and WeeMag - (Bartholdi 1993; Gunther 1983; Rosenberg
and Ziegler 1992; Scholl 1993; Wee and Magazine 1981)) with a number of tasks vary-
ing from 25 to 297, whose precedence diagrams, imposed cycle times, and task times
ti for a single model can be downloaded from the data set of Scholl (1993).

We generate the normal, variant, and optional tasks by taking into account two
degrees of variability, that we called respectively v1 and v2.

The first degree of variability v1 refers to the proportion of normal, variant, and
optional tasks in each instance. A low v1 variability indicates that this proportion
equals 70% for normal, 15% for variant and 15% for optional tasks in an instance; while
for medium v1 variability the proportion changes to 50%, 25% and 25% respectively
and for high v1 variability to 40%, 30% and 30% (see Table 6).

The second degree of variability v2 refers to how time consuming is the most work-
intensive option of variant and optional tasks. For variant tasks, we took as reference
the time required by the less work-intensive option of each task, which is taken equal
to the original task time of the instances (tiL = ti). Then, the corresponding average
task time for the most work intensive option has been generated through the formula
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Table 6. Values of parameter v1 for the generation of the benchmark instances.

% of normal tasks % of variant tasks % of optional tasks
v1−low 70% 15% 15%

v1−medium 50% 25% 25%
v1−high 40% 30% 30%

tiH = tiL(1+f), where f is randomly generated in a range that depends on the degree
of variability: f ∈ [0.1, 0.3] for low v2, f ∈ [0.3, 0.7] for medium v2 and f ∈ [0.7, 1.0]
for high v2. For optional tasks, we took as reference the imposed cycle time of the
original instance, ct. Then the task time for each optional task has been generated as
tiH = ct · f , where f is randomly generated in the same ranges than the preceding
case (see Table 7).

Table 7. Values of parameter v2 for the generation of the benchmark instances.

Demand proportion
Task time for
variant tasks

Task time for
optional tasks

f

v2−low
dij ∈

[
H−1
N , H

N

]
tiH = tiL(1 + f) tiH = ct · f

f ∈ [0.1, 0.3]
v2−medium f ∈ [0.3, 0.7]
v2−high f ∈ [0.7, 1.0]

For the definition of H:N sequencing rules, random values for H and N are drawn
for the tasks with variant or optional tasks. N is uniformly randomly selected between
2 and 6, while H is uniformly selected from the set {1, ..., N − 1}. After defining the
values for H and N , the relative demand of each option is drawn from the interval[
H−1
N , HN

]
. Finally, the corrected probabilities when a car sequencing rule is selected

are calculated based on the formulas of Table 5. Both the probabilities and corrected
probabilities are rounded to three decimal values.

The task times for normal tasks have been taken equal to the original task times
of each instance. By combining 5 different instances with three degree of variability
v1 and three degree of variability v2, we generated a total number of 5 · 3 · 3 = 45
instances.

5.2. Tuning

The genetic algorithm procedure provides a number of characteristic parameters (mu-
tation rate (mr), crossover rate (cr), population size (NP ) and number of iterations
(G)) that influence both the time required to find the solution, and the quality of
the solution. The values for these parameters have been decided through a tuning
procedure on the 5 benchmark instances with v1 = v2 = medium.

The time required to find a solution largely depends on the number of decoding
procedures Dp performed along all the iterations. This is particularly true in our case
where each time an individual is decoded a simulation run must be performed. The
expected number of decoding procedures performed by the presented algorithm is
equal to:

Dp = NP [cr + (1 + cr)mr]G (8)

(8) is obtained considering that at the beginning of each one of the G iterations, the
algorithm starts with a population of Np decoded individuals. During the reproduction
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phase, the number of new individuals generated by the crossover operator that have to
be decodified equals (Np ·cr). These individuals are added to the population, whose size
becomes Np ·(1+cr). Then each individual of the current population has a probability
mr to undergo a mutation, so that the expected number of mutated individuals that
have to be decodified equals Np · (1 + cr) ·mr.

The tuning procedure consisted in finding the best combination of the parameters
that brings to a total number of decoding procedures Dp ≈ 10000, value that guar-
antees an acceptable solution time (between about 40 and 500 seconds, depending on
the instance) using a PC with 32G RAM and an Intel Core i9-12900 Cpu at 2.4 GHz.
The possible combinations have been determined in the following way: taking a fixed
number of iterations G = 150, we explored the combinations of cr and mr in the range
[0.1, 0.9] step 0.1. For each combination of cr and mr we calculated through eq. (8)
the population size NP that brings to the desired number of Dp. We found that the
combination of the parameters bringing to solutions with the lowest fitness was, for
all the 5 instances: NP = 40, cr = 0.5, mr = 0.9, G = 150.

Another parameter, utilized in the decoding phase (see Subsection 4.1), is the prob-
ability of completion pc. The tuning procedure showed that best results are achieved
assigning a value pc = 0.5.

Finally, the penalty coefficient ζ, which is a decision-makers’ parameter introduced
in Subsection 3.4, is not subject to the tuning procedure. In fact, there is not an
‘optimal’ value for this parameter, but rather a value satisfying the management in
terms of desired deviation from the target cycle time. In our experiment we choose
ζ = 20, a value that heavily penalizes solutions with cteff > ct, thus forcing the
algorithm to find solutions that substantially achieve the target cycle time.

6. Results

Table 8 displays the outcomes of the numerical experiment described in the previous
section. The median, mean, and best value in 20 replications are presented for each of
the 45 instances examined for both GA-Random and GA-Rules. The Mann-Whitney
test was used to compare the statistics between the two versions. The null hypothesis
of the test is that neither of the two versions outperforms the other (i.e. achieves a
lower Normalize Design Cost). A p-value of less than or equal to 0.001 indicates that
the null hypothesis must be rejected with a probability of 99.9%, and the alternative
hypothesis, that one of the two algorithms outperforms the other, must be accepted.
In this situation, the algorithm with the lower median value of NDC outperforms the
others. The outcome of this comparison is reported in the “winner” column, showing
which version of the algorithm is significantly superior. When the p value is greater
than 0.001, we consider that the test is not significant (ns), which means that there
is no significant difference between the algorithms’ performances. We also indicated
in the “%Best” column the NDC percentage decrease achieved by the algorithm
that performs better than the other, measured on the best solution found by the
two algorithms.

Results show that GA-Rules significantly outperforms GA-Random in 40 out of 45
instances, while in 5 instances the difference is not significant. However, even in this
case, GA-Rules found a best solution with lower NDC than GA-Random in 4 out of
5 instances.

The higher savings can be observed, as expected, both when the proportion of
variant and optional tasks in an instance increases (v1 increasing) and when the time
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required by the most work-intensive option of variant and optional tasks increases (v2
increasing), reaching a maximum saving of about 20% in the instance by Bartholdi
with v1 = Medium and v2 = High.

GA-Rules seems to performs particularly better for instances with a high number
of tasks, achieving savings often higher than 10% in the instances by Bartholdi (148
tasks) and Scholl (297 tasks). However, even in the smaller instance by Roszieg (25
tasks) significant reductions of Normalized Design Cost can be achieved. For example,
Table 9 shows the input data related to the instance Roszieg with v1 = medium and v2
= medium, with 4 variant tasks and 6 optional tasks. Table 10 shows the best solution
found by GA-Rules and GA-Random. Although the numbers of workers in the line is
the same (7 workers), the solution found by GA-Random provides the duplication of
the last WC, so that the total Design Cost is higher due to the equipment duplication
cost. On the contrary, the solution found by GA-Rules achieves an effective cycle
time that respects the imposed one not by exploiting parallelism, but by selecting the
opportune rules for some of the variant and optional tasks. This allows to decrease of
more than 7% the Normalized Design Cost.

7. Conclusion

In this paper a novel approach for solving the Mixed model Line Balancing and Se-
quencing Problem in asynchronous assembly lines was presented. The approach utilizes
rules that are practically employed in the car sequencing problem, specifically rules
that relate to the frequency at which certain optional can be installed in each prod-
uct. The advantage of incorporating these rules lies in the reduction of the number of
variables of the problem. Instead of searching for a specific sequence among all the dif-
ferent models generated by the combination of various optional, the decision variable
is simplified to the adoption or non-adoption of a rule.

The impact of incorporating these rules on the line’s performance was evaluated
through a parametric discrete-event simulator. The simulator is called by a Genetic
Algorithm, that explores the solution space of the balancing and rule selection prob-
lems, each time the fitness of an individual has to be evaluated. The results of the
proposed numerical experiment demonstrate that the adoption of these rules enables
the design of cost-effective and highly efficient assembly lines.

Nevertheless the assumptions necessary for the modeling of the problem bring sim-
plifications that are unrealistic in a real world scenario. In this modeling approach,
the processing times of all tasks are considered to be independent to each other. Fur-
thermore, the selection of the options are considered without any dependency on other
tasks. This assumption is not realistic since high-end products are very likely to have
options purchased together. The computational efficiency of the method, however, re-
lies on such assumptions and extending them require further research. One example
of a study considering correlation between options is shown in Sikora (2024).

Possible extensions to this work could include:

• Considering a maximum number of rules to be adopted, such as allowing only
one rule per station. This would add an additional constraint to the problem
and explore the impact of limited rule adoption on the overall line performance.

• Allowing the choice of multiple rules for each task. Currently, the approach as-
sumes the adoption or non-adoption of a single rule for each task. By expanding
the decision space to include multiple rule options, it would be possible to inves-
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tigate the trade-offs and performance implications of different rule combinations.
• Relaxing assumptions that task processing times and selection of options’ prob-
abilities are independent.

By exploring these extensions, researchers can further enhance the understanding
of the mixed model line balancing and sequencing problem, and potentially discover
additional strategies to optimize assembly line efficiency and cost-effectiveness.
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Figure 4. Description of the crossover operator for the three chromosomes. Alt text: Diagram exemplifying

the crossover operator for the the three gene. For the the three genes, two chromosomes from parent 1 and
2 are shown at the top. An arbitrary cut point is selected. The resulting child chromosome is shown at the
bottom for each gene.
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Figure 5. Mutation operator for the three chromosomes. Alt text: For the first chromosome, The figure show

the possible options for a mutation in task 4 in a chromosome using arrows. The top of the figure also contains
the precedence relations to justify the possible insertion points. The figure also contains the second and third

chromosome before and after the mutation.
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Table 9. Details of the instance Roszieg 25, v1 = medium, v2 = medium, ct = 18.

task# type tiL tiH ri diL diH
0 Normal 4 1 0
1 Normal 3 1 0
2 Variant 9 15 1:3 0.985 0.015
3 Variant 5 8 1:2 0.679 0.321
4 Normal 9 1 0
5 Optional 0 10 3:5 0.554 0.446
6 Normal 8 1 0
7 Normal 7 1 0
8 Optional 0 11 1:6 0.953 0.047
9 Normal 1 1 0
10 Optional 0 11 1:2 0.966 0.034
11 Normal 1 1 0
12 Normal 5 1 0
13 Normal 3 1 0
14 Normal 5 8 1:2 0.591 0.409
15 Normal 3 1 0
16 Normal 13 1 0
17 Normal 5 1 0
18 Optional 0 12 1:6 0.863 0.137
19 Variant 3 4 3:5 0.555 0.445
20 Normal 7 1 0
21 Normal 5 1 0
22 Variant 3 4 3:5 0.538 0.462
23 Optional 0 8 1:3 0.808 0.192
24 Optional 0 6 2:6 0.792 0.208

Table 10. Best solutions from GA-Rules and GA-Random for Roszieg 25, v1 = medium, v2 = medium, ct

= 18.
GA-Rules

WC# WS assigned (Wi) tasks assigned
0 1 0, 1, 2
1 1 3, 4
2 1 5, 7
3 1 8, 6, 9, 10, 12
4 1 11, 14, 13, 18
5 1 16
6 1 15, 22, 17, 19
7 1 24, 20, 23, 21
cteff = 17.99; DC = 315000; NDC = 315000

Rules: Task8 NO Task19 NO
Task2 1:3 Task10 1:2 Task22 3:5
Task3 1:2 Task14 1:2 Task23 NO
Task5 NO Task18 1:6 Task24 2:6

GA-Random
WC# WS assigned (Wi) tasks assigned

0 1 0, 1, 2
1 1 3, 4
2 1 5, 7, 8
3 1 6, 11
4 1 10, 12, 13, 9, 19, 15
5 1 14, 20
6 2 18, 16, 21, 17, 22, 24, 23
cteff = 18.45; DC = 336000; NDC = 340265
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